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a b s t r a c t
A new discrete velocity scheme for solving the Boltzmann equation is described. Directly
solving the Boltzmann equation is computationally expensive because, in addition to working in physical space, the nonlinear collision integral must also be evaluated in a velocity
space. Collisions between each point in velocity space with all other points in velocity
space must be considered in order to compute the collision integral most accurately, but
this is expensive. The computational costs in the present method are reduced by randomly
sampling a set of collision partners for each point in velocity space analogous to the Direct
Simulation Monte Carlo (DSMC) method. The present method has been applied to a
traveling 1D shock wave. The jump conditions across the shock wave match the
Rankine–Hugoniot jump conditions. The internal shock wave structure was compared to
DSMC solutions, and good agreement was found for Mach numbers ranging from 1.2 to
10. Since a coarse velocity discretization is required for efﬁcient calculation, the effects
of different velocity grid resolutions are examined. Additionally, the new scheme’s performance is compared to DSMC and it was found that upstream of the shock wave the new
scheme performed nearly an order of magnitude faster than DSMC for the same upstream
noise. The noise levels are comparable for the same computational effort downstream of
the shock wave.
Ó 2010 Elsevier Inc. All rights reserved.

1. Introduction
Direct numerical simulation of the Boltzmann equation via a discrete velocity model can be used to describe a non-equilibrium gas ﬂow, but computational costs limit its use. The Direct Simulation Monte Carlo (DSMC) method [1] is commonly
used to solve the Boltzmann equation, but the macroscopic ﬂow variables are subject to substantial statistical ﬂuctuations.
Since there is little statistical noise associated with the macroscopic ﬂow variables in a direct solution of the Boltzmann
equation via a discrete velocity model, such a method may be more efﬁcient than the DSMC method, particularly for transient problems.
In a discrete velocity model, the inﬁnite velocity space is truncated and discretized. Instead of having a continuum of
velocities, a ﬁxed set of discrete velocities approximate the velocity space. For most problems of interest, the combined
phase space will have at least 6 dimensions, three components for physical space and three for velocity space. If additional
physics are speciﬁed, such as chemistry or internal energy, the dimensionality of the problem will be larger. This leads to
expensive calculations and consequently the velocity space must be limited to a relatively coarse discretization for efﬁcient
calculations.
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Discrete velocity methods have been used in schemes such as the Hicks–Yen–Nordsieck (HYN) method, [2,3]. Similar
numerical strategies have been developed by Tcheremissine in [4]. In the HYN scheme, the collision integral is approximated
by a Monte Carlo method. To approximate the collision integral, a mean value of the integral is computed by sampling a sufﬁciently large set of N values of the integrand. Since the collision integral is only approximated this scheme does not enforce
mass, momentum, and energy conservation. Consequently, the HYN method requires a correction scheme to enforce conservation, but these corrections may limit the accuracy of the solution. Alternatively, a discrete velocity model is exempliﬁed by
the D  e model [5]. In this model, the collisions are performed by a Monte Carlo-like method. However, in this model the
post-collision velocities are restricted to those that lie on the grid. Similar schemes are discussed in [6,7]. Although these
schemes enforce conservation of mass, momentum, and energy, the restricted set of grid-dependent post collision velocities
can result in too many null collisions, i.e. the post and pre-collision velocities are identical, when a coarse discretization is
used in velocity space. Both the HYN method and the D  e model can be applied to mixed continuum and rareﬁed ﬂow
problems but the computational costs are high, especially for high Mach number ﬂows where the velocity space needs to
be large. Different regions of the ﬂow can have vastly different bulk velocities, and simply coarsening the domain is not feasible because the mesh size must be similar for both the low and high velocity regions. Consequently, many grid points are
required and this leads to a high computational cost.
The discrete velocity scheme described here is a further development of previous work [8,9]. Traditional discrete velocity
Monte Carlo schemes are limited by the restriction that post-collision velocities must lie on the grid and there are large associated computational costs. The present scheme attempts to address both of these issues. For collision pairs with small relative velocities, there exist few post-collision velocities that lie on the grid. To overcome this problem, we pick an arbitrary
orientation of the post-collision velocity vector and use an interpolation scheme to map those points back onto the grid. This
interpolation routine precisely conserves mass, momentum, and energy and can be extended to points that lie entirely outside of the ﬁnite sub-set of velocity space that is used in the computation. Similar interpolation schemes were developed by
Tcheremissine [10–12] by interpolating to nearby nodes that are selected such that the symmetry ensures that momentum is
automatically conserved. Then, an additional constraint is enforced such that the energy is conserved. Although conservative,
this interpolation scheme is valid only for uniform velocity grids and does not readily accommodate post-collision velocities
that lie outside of the velocity space. Other methods, e.g. [13], have generalized Tcheremissine’s interpolation method to
non-uniform grids but these schemes introduce slight errors in conservation of mass, momentum, and energy. To eliminate
these errors, a correction scheme was implemented.
The nonlinear collision integral is responsible for most of the computational effort. Varghese showed that accurate
evaluation of the replenishing portion of the integral can be obtained using a coarse approximation, only replenishing
to several pairs [8]. In that work the depleting integral was evaluated by considering collisions between each point in
velocity space with every other point in velocity space. Since accurate results were obtained using a coarse description
of the replenishing integral, a coarser description of the depleting integral was also developed [9]. To coarsen evaluation
of the depleting integral, collisions are performed for each point in velocity space with a representative set of partners that
are chosen randomly. It was shown that accurate results could be obtained for signiﬁcantly less computational effort by
performing collisions with a representative set of partners instead of all possible collision partners. By varying how many
collision partners are sampled, one can control how accurately to evaluate the depleting collision integral depending on
noise requirements.
A traveling shock wave is used as the test case to evaluate the performance of our scheme. Normal shock waves are commonly used to validate and verify a numerical scheme and related work can be found in [14,15]. To generate the shock wave,
a gas initially moving left is brought to rest by a specular wall. A shock forms at the wall and propagates upstream, bringing
the ﬂow to rest while increasing the temperature and density. At the right boundary, the distribution function is set by a
uniform inﬂow boundary condition. In order to assess the accuracy of the numerical solution, comparisons to analytic values
are made outside of the shock. Comparisons are made to DSMC inside the shock. Jump conditions for density, pressure, and
temperature across the shock, are determined by the Rankine–Hugoniot equations and the shock propagation speed is determined from continuum dynamics. The internal shock structure depends on molecular cross sections and in the following
cases pseudo-Maxwell molecules are used.
2. Formulation
The Boltzmann equation describes the time evolution of the distribution function, u, and for isotropic scattering without
body forces can be written in dimensional form as:

@u
@u
¼
þ gi
@t
@xi

Z
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  0



u gi uðf0i Þ  uðgi Þuðfi Þ g rT dV g
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The left hand side of this Eq. (1) represents the total derivative of the (density weighted) velocity distribution function and
the right hand side represents the changes in the distribution function resulting from collisions. It is often convenient to
workpwith
scaled
variables and in the present work velocities are scaled by the most probable thermal speed
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
gr  2kb T r =m, distances are scaled by a reference mean length L, and time is scaled by a characteristic ﬂow time. The scaled
variables are denoted by hats and are deﬁned as:

A.B. Morris et al. / Journal of Computational Physics 230 (2011) 1265–1280

x
^x  ;
L



^t  L ;

gr

 ðg; g; fÞ
^ ; ^f 
g^; g
;

gr

r^ T 

r
g3
^ ¼ ru
; u
rr
nr

1267

ð2Þ

The reference temperature and density are deﬁned as Tr and nr. In non-dimensional form, Eq. (1) can be rewritten as:
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The Knudsen number, Kn  kr/L, is the ratio between the reference mean free path and a characteristic length scale of the
problem and is used to quantify the rarefaction of a ﬂow. The reference mean free path is computed via kr = 1/(nrrr) where
rr is a reference total collision cross section. When comparing computed shock wave proﬁles to those computed via DSMC, it
is common to use the upstream mean free path as the characteristic length scale, L. The upstream mean free path for a VHS
gas is deﬁned in Appendix A. For elastic collisions and isotropic scattering, the direction of the post-collision relative velocity
^, is conserved in
vector is distributed uniformly on the sphere centered about the center of mass velocity. The relative speed, g
b i , is
a collision to preserve conservation of energy, and to preserve conservation of momentum the center of mass velocity, G
constant. The primed values indicate post-collision velocities, and for elastic collisions the post-collision velocities are any
velocities that satisfy Eqs. (4a) and (4b).

g^ 0i  ^f0i ¼ g^ i  ^fi  g^

ð4aÞ

g^ 0i þ ^f0i ¼ g^ i þ ^fi  2Gi

ð4bÞ

The collision integral is nonlinear and can be decomposed into depleting and replenishing collisions. This decomposition
is convenient because the proposed method computes estimates for both integrals simultaneously by pairing depleting collisions with their corresponding replenishing collisions while ensuring conservation of mass, momentum, and energy:
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There are numerous models that are used to describe the total cross section, such as Lennard-Jones [16], hard sphere models,
variable hard spheres (VHS) [17], and variable soft spheres (VSS) [18]. In the present numerical scheme, a VHS model is used.
^T ¼ g
^j where j is typically fractional. The cross
The cross section in a VHS model, written in scaled variables, is given by r
section is scaled by a reference cross section and the relative speed is scaled by gr. When j = 0 the collision cross section
reduces to a hard sphere model. When j = 1 the total cross section corresponds to pseudo-Maxwell molecules. In this work,
we only consider the speciﬁc case for pseudo-Maxwell molecules. Pseudo-Maxwell molecules are not identical to ‘‘real’’
Maxwell molecules because the scattering for ‘‘real’’ Maxwell molecules is not isotropic whereas in the VHS model the scat^Tg
^ ¼ 1. Introducing a simple ﬁrst order time discretization the
tering is isotropic. If pseudo-Maxwell molecules are used, r
contribution of the collision integral to the change in the scaled distribution function is:


1 
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^ is the scaled number density. Eq. (9) can be used to calculate the incremental depletion at grid point g
^ i as a result
In Eq. (9), n
^ i as a result of replenof depleting collisions with all other velocities. Eq. (10) represents the incremental gain at grid point g
ishing collisions. The incremental depletion is a function of the pre-collision velocities and can therefore be evaluated
directly.
3. Numerical strategy
First, the physical space is divided into cells and corresponding velocity distributions are initialized for each physical cell.
The cell size for rareﬁed ﬂows should be of the same order as the mean free path. The distribution function for each cell is
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initialized by evaluating a continuous Maxwellian with a speciﬁed density, velocity, and temperature at each discrete velocity. Since the collision integral is computationally expensive, a rather coarse discrete representation must be used. When
creating a velocity grid, both the range and the resolution of the grid are important. The nominally inﬁnite velocity space
is truncated where the contributions to the ﬁrst several moments of the distribution function become vanishingly small.
The resolution of the grid affects several different integration routines and the collision routine. In our representation, the
velocity distribution is viewed as a set of delta functions and integration is performed by summation over the delta functions. Although a continuous Maxwellian has a speciﬁed temperature, velocity and density, the computed density, velocity,
and temperature from the corresponding discrete distribution will have errors associated with the numerical integration. A
coarse resolution also restricts the potential velocities that the molecules can have. Since real gas molecules have a continuum of velocities, a limited set of discrete velocities can restrict the accuracy of the computations. The characteristic velocity
step used to discretize the velocity space is denoted by b, where b  Dg/gr. Typical values used for the scaled velocity spacing, b, range from 0.6 to 0.9 and the velocity domain typically ranges over ±2.5gr. This discretization results in Gaussian distributions being represented by approximately 11 velocities in each direction. The velocity domain needs to be expanded as
the gas temperature increases.
The collision integral and the convective terms are computed separately when solving the Boltzmann equation.

^
@u
^ collision þ Du
^ conv ection
D^t ¼ Du
@^t
^
@u
^ conv ection ¼ g
^i
Du
D^t
@ ^xi
^ collision ¼ Icoll D^t
Du
^ 
Du

ð11Þ
ð12Þ
ð13Þ

As discussed earlier (Eqs. (8)–(10)), the collision integral can be decomposed into paired depleting and replenishing collisions that allows the two terms to be approximated simultaneously while ensuring that mass momentum, and energy are
strictly conserved.
4. Evaluation of the collision integral
For pseudo-Maxwell molecules the depletion at each velocity is given by Eq. (9). The integrand of Eq. (9) can be inter^ i and ^fj . In previous work [8], the collision integral
preted as the depletion associated with collisions between velocities g
^ i and all other points ^fj . Although this results in correct evalwas evaluated by considering collisions between each point g
uation of the depleting integral, it is computationally expensive and of order N 2V , where NV is the number of points in velocity
space. To reduce the computational effort in this work, the depleting integral is instead evaluated statistically by considering
^ i and a set of randomly chosen collision partners, Mj as illustrated in Fig. 1. For efﬁciency,
collisions between each point g
collision partners are selected using importance sampling.
^ occasionally becomes slightly negative
Physically speaking the distribution function must be positive, but the value of u
at a few locations in velocity space because of the approximate nature of the computation of the collision integral (see
^ is small. To account
below). This typically occurs near the fringes of the computational domain in velocity space where u
for negative values of the distribution function, collision partners are selected based on magnitude of the value of the
^ i , because such a case corresponds to a null
distribution function. Collisions between identical velocities are forbidden, ^fj – g
^ i is therefore given as:
collision. The probability of selecting a velocity ^fj to collide with g

Fig. 1. A set of random collision partners Mj is chosen to collide with gi. The selection of collision partners is biased toward those that contribute more to the
collision integral.
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The factor of 0.5 is used to prevent double counting of the depletion, and it can be shown that the expectation value of Eq.
(15) correctly matches the analytic depletion [21].
4.1. Picking collision partners
Many points in velocity space contain trace amounts of mass, especially near the fringes of the domain and
consequently they contribute little to the collision integral. The goal of the proposed selection algorithm is to estimate
the collision integral efﬁciently by selecting collision partners that make the largest contribution. For Maxwell molecules,
the contribution from each point in velocity space to the depleting collision integral is directly proportional to the value of
the distribution function. This can be implemented via an acceptance–rejection algorithm. In traditional acceptance–
rejection schemes two random numbers are drawn. First a random point in velocity space is selected. A second random
number is generated after the ﬁrst random point is selected and that point is accepted if the local value of the distribution
function is larger than the second random number. If it is not accepted, a new set of random numbers is drawn. This
scheme can be computationally expensive because of the costs associated with generating random numbers. An alternative
method that reduces the number of random number calls by using a cumulative distribution function has been developed
and is discussed in Appendix B.
The cumulative scheme avoids having to reject randomly sampled points, based on another random number call, and thus
reduces the number of random number calls in two ways. However, as noted in Appendix B, a search is required. Collision
^ i , partners are selected until the set of Mj randomly chopartners can be selected more than once and for a given test point g
sen collision partners has a cumulative mass fraction larger than a cutoff mass fraction. The cutoff fraction is referred to as
the depleting fraction, DF. A depleting fraction of 1.0 considers collisions with all other points in velocity space and similarly
a depleting fraction of 0.1 samples collisions from only 10% of the velocity space. This is a form of importance sampling and,
^ ðg
^ i Þ, e.g. points
to further improve the efﬁciency, a linearly varying depleting fraction is used. For test points with small u
near the fringes, a smaller depleting fraction is used for the collision partners because those collisions contribute less to
^ . This is implemented by imposing a minimum and maximum depleting fracthe collision integral than points with large u
^ and the maximum depleting
tion. The minimum depleting fraction is used for the point with the smallest absolute value of u
^ ; at all other points the depleting fraction chosen varies linearly between the
fraction is used for the point with the largest u
minimum and maximum.
4.2. Replenishing collisions
The inverse replenishing collisions are computed simultaneously with the corresponding direct depleting collisions. For
elastic collisions mass, momentum, and energy are conserved and, in a discrete velocity framework, all possible collision outcomes lie on the sphere of diameter g centered about the center of mass velocity, drawn in 2D in Fig. 2.
In the two-dimensional Fig. 2 the depleting collisions are performed at g and f. To ﬁnd the post collision velocities, the
relative velocity vector g is arbitrarily rotated about the center of mass velocity. These replenishing velocities correspond to
the dashed and dotted vectors, g0 and g00 . In principle, the replenishing integral is evaluated by considering all possible
post-collision velocities. In the current approach, the integral is approximated by sampling several replenishing pairs. The
total amount replenished equals the amount depleted for each collision, ensuring mass, momentum, and energy conservation. The replenishment is then shared equally among all post-collision velocities. In a discrete representation, the only
permissible velocities are those that lie precisely on the velocity grid. Fig. 2 shows that this restriction can greatly limit
the number of post collision velocities because only the dashed vector, g0 , lies on the grid. In general, as the relative velocity
becomes smaller, the number of potential post-collision velocities that lie on the grid decreases [22]. For collisions between
molecules with very small relative velocities, there may be no post-collision velocities that lie on the grid. In Fig. 2, this null
type of collision is represented by the dashed circle in the upper right corner. The reduction of possible collision outcomes
can artiﬁcially restrict the approach to equilibrium. Consequently, we present an approach wherein the post-collision velocities that lie off the grid (e.g. g00 in Fig. 2) are projected back onto the grid nodes while ensuring that mass, momentum, and
energy are strictly conserved [8].
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Fig. 2. Collision circle drawn in 2D. Elastic collisions between g and f result in post collision velocities that lie on the black circle. The solid black lines
represent the pre-collision velocities. The dashed grey lines are post-collision velocities that lie on the velocity grid and the dotted grey lines are postcollision velocities that lie off the grid.

Fig. 3. A 7-point symmetric stencil when the point to be interpolated lies within the cubic velocity domain. Points ix, iy, and iz are interior points while ex,
ey and ez are exterior lattice points.

4.3. Interpolation scheme
Suppose a post-collision relative velocity vector similar to g 00 in Fig. 2 places an incremental change to the distribution
function off the grid. While projecting distribution function changes, Du, that lie off the grid back onto the grid, the 5 conservation equations must be satisﬁed. First, we need to deﬁne a stencil on which the contribution Du is. We now continue
this discussion for a three dimensional interpolation suitable for a 3-D velocity space. The origin of the stencil in Fig. 3, is
taken as the velocity lattice point closest to the increment to be interpolated. Suppose that the increment is located at coordinates a, b, and c relative to this lattice point. The origin and three other points that lie on the cube surrounding the interpolating point make up the ‘interior points’ that are denoted by the circle and triangles, respectively, in Fig. 3.
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Although it would appear logical to use a ﬁfth point located on the cube surrounding the interpolating point, e.g. point
xyz, the resulting matrix describing mass, momentum, and energy conservation would be singular. It can be easily shown
that this is true for any ﬁve points chosen on the corners of the cube surrounding the point. However, it is possible to obtain
a unique interpolation onto the grid by using four ‘internal’ points that lie on the cube surrounding the point to be interpolated (the triangles and circle) and at least one ‘external’ point outside of the box. Although one ‘external’ point ex, ey, or ez
would sufﬁce, three external points are generally used for symmetry, and the computed change is distributed equally to all
three of these ‘external’ points. Because the contributions at the external points are usually negative, an additional advantage
of this strategy is that it reduces the possibility that the value of u at any point becomes negative. The conservation equations for such a symmetric 7-point stencil with three ‘external’ points are:
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3

ð17Þ

The parameters a, b, and c are the components of the relative velocity vector from the stencil origin at o to the point to be
interpolated. The values fo, fix, fiy, fiz, and fext are the fractional density changes that are interpolated to the corresponding
points at the origin, at the interior points, and at the exterior points. This matrix is invertible analytically, and the corresponding interpolation equations for such a symmetric 7-point stencil are:
2

fo ¼ 1  a2  b  c2 P 0;

0:5 6 a; b; c 6 0:5
2

fext ¼ ða þ b þ c  a2  b  c2 Þ=6 6 0
ð18Þ

fix ¼ ða þ fext Þ
fiy ¼ ðb þ fext Þ
fiz ¼ ðc þ fext Þ

For the stencil shown above, the interpolation equations always result in negative changes, fext, at the external points of
the stencil. The negative change is necessary to satisfy the energy constraint because the only way to cancel the relative kinetic energy introduced by distributing the density at a single velocity to the same density at several velocities is to introduce a negative density somewhere. The interpolation equations, Eq. (18), were derived for the common case where the
point to be interpolated lies within the velocity space domain. Occasionally collisions yield velocities that are outside the
domain, as is the case for point g0 in Fig. 4.
Using a similar procedure, it is also possible to map these points to the nearest stencil on the grid. To construct the stencil,
the nearest point in velocity space that is not a corner of the cubic velocity domain is selected as the stencil origin. A corner of
the velocity domain is not an acceptable stencil origin because it only has three points as neighbors and a 5 point stencil is
required at a minimum. The internal points are then selected as the next three nearest points that form the cube that is clos-

Fig. 4. A collision (dotted line) that results in a post collision velocity that lies outside of the domain.
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Fig. 5. A 5-point stencil (o, ix, iy, iz, ez) where the point to be interpolated lies outside of the velocity domain and is mapped back into the deﬁned velocity
space. The line connecting points iz and ez represent an edge of the velocity domain.

est to the point to be interpolated. Only one or two ‘exterior’ points are used if the stencil origin is on an edge of the velocity
domain or a face boundary of the domain. For example, in Fig. 5, the origin corresponds to a point that is on the edge of the
velocity domain and only one exterior point is used.
The corresponding matrix describing mass, momentum, and energy conservation is:

mass

0

1 1 1 1

1
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Similar to the previous stencil, a, b, and c are the components of the relative velocity vector from the stencil origin to the
interpolating point. In Fig. 5, a < 0, and b, c > 0. For the stencil above, the interpolation equations are:
2

fo ¼ 1  a2  b  c2


2
fez ¼  a þ b þ c  a2  b  c2 =2
fix ¼ a

ð20Þ

fiy ¼ b
fiz ¼ c þ fez
Larger negative changes occur when interpolating post-collision points located outside the computational domain in
velocity space back onto the grid inside the computational domain. Since the point to be interpolated does not lie within
a cube deﬁned by the ‘interior’ points and origin, the negative changes can occur at the external points or interior points.
One can map any point to the above 5-point stencil and conserve mass, momentum, and energy regardless of the orientation
of the interpolating point relative to the stencil origin. However, larger negative corrections are needed to satisfy the conservation equations as the distance from the interpolating point to the stencil origin increases. Therefore, when an interpolating point is far from an origin, i.e. for points well outside of the domain, appreciable negative changes in density are
computed. In general this is not a serious problem because collisions that result in velocities that lie outside of the grid
boundaries are infrequent and the fractional densities moved back onto the grid are very small, of the order 106.
After the replenishing velocities are mapped back onto the grid, collisions between gi and the remainder of the random
collision partner set Mj are considered. The process is then repeated for all gi points in velocity space.
5. Convection of the distribution function
In the time-splitting approach the change in the distribution function due to convection is computed after the collision
step. The boundary conditions are applied during the convective step. Since most of the computational effort is spent performing collisions, a more expensive explicit 4th order convection scheme [7] is used with little penalty. The fourth order
scheme is
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uðxi ; t þ DtÞ ¼ a2 uðxi2 ; tÞ þ a1 uðxi1 ; tÞ þ a0 uðxi ; tÞ þ a1 uðxiþ1 ; tÞ þ a2 uðxiþ2 ; tÞ

ð21Þ

where the coefﬁcients are:

a2 ¼ cð1  c2 Þð2 þ cÞ=24
a1 ¼ cð1 þ cÞð4  c2 Þ=6
a0 ¼ ð1  c2 Þð4  c2 Þ=4
a1 ¼ cð1  cÞð4  c2 Þ=6
a2 ¼ cð1  c2 Þð2  cÞ=24

ð22Þ

and c = gDt/Dx is the CFL number. A lower order convective scheme was tried at ﬁrst, but in order for the convective step to
converge a ﬁner spatial resolution is required, and consequently the computational cost increases.
6. Numerical results
6.1. Velocity grid resolution
The discretization of the velocity space must be relatively coarse for efﬁcient calculations, so understanding the limits on
velocity grid size is important if the scheme is to be optimized. Three velocity grids with different resolutions are used to
solve a traveling Mach 2.0 shock wave with a scaled upstream temperature of 1. Each velocity grid tested extends to ±4gr
but the scaled velocity spacing is varied from b = 0.7 to 1.33, where we scale based on gr computed at the upstream conditions. A variable depleting fraction ranging from 1% to 10% was used along with two replenishing pairs per collision for each
calculation. In Figs. 6 and 7, the scaled density and temperature proﬁles are plotted at ^t ¼ 50 for three different values of b. At
this time, the shock is far enough from the left hand wall so that boundary effects are conﬁned near the wall and not seen in
the shock wave.
When b < 1.0, the solutions show good agreement indicating that the computation has achieved grid independence with
respect to velocity resolution. However when b = 1.33, the density and temperature (to a larger extent) undershoot upstream
of the shock wave and the shock propagates at a slightly slower speed. The undershoot in front of the Mach 2 shock wave
computed on a coarse velocity grid is not caused by the convection step or the statistical evaluation of the collision integral.
This was veriﬁed by reﬁning the spatial and temporal discretizations and evaluating the collision integral with more samples. For a stronger Mach 4 shock wave with the same upstream temperature, the undershoot occurs when a coarser velocity
spacing of 2.25 is used. This indicates that the critical velocity spacing that causes undershoot to occur is Mach number
dependant. Numerical experiments show that the gross errors in the upstream portion of the shock wave arise from the
interpolation of post-collision velocities on very coarse grids.
To show that the interpolation scheme is responsible for the upstream undershoot, the post-collision velocities were
constrained to lie within a small distance, e, of a velocity grid point. Although inefﬁcient, due to a large number of rejected
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Fig. 6. Density proﬁles for a Mach 2 shock wave using various velocity grid resolutions.
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Fig. 7. Temperature proﬁles for a Mach 2 shock wave using various velocity grid resolutions.
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Fig. 8. Comparison of Mach 2 shock wave proﬁles when the post-collision velocities are restricted to those within 0.1b of a velocity grid point and when the
post-collision velocities are unrestricted.

post-collision velocities, this constraint dampens the effect of interpolating ﬂoating velocities over large ranges. In Fig. 8,
Mach 2 shock wave proﬁles are computed when the post-collision velocities are restricted to those within 0.1b of a velocity
pﬃﬃﬃ 
grid point and when the post-collision velocities are not restricted, i.e. e ¼
3=2 b. Both are compared to DSMC proﬁles.
Fig. 8 shows excellent agreement with DSMC is obtained when the post-collision velocities are restricted to those near
grid points and poor agreement when the post-collision velocities are unrestricted. In [22] the post-collision velocities were
restricted to grid points and it was found that at very coarse discretizations the shock tends to thicken because there are
a signiﬁcant number of null collisions, e.g. the post-collision velocities are identical to the pre-collision velocities. For a
Mach 2 shock wave, the effect of null collisions is seen on grids even coarser than those when interpolation errors become
apparent.
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Fig. 9. Mach 2.0 shock proﬁles comparing discrete velocity solutions to DSMC solutions.
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Fig. 10. Mach 1.2 shock proﬁles comparing discrete velocity and DSMC solutions.

6.2. Internal shock structure
The ﬂow is not in equilibrium inside the shock wave and the shock structure depends on how the gas equilibrates. The
computed internal shock structure is compared to steady state DSMC calculations for three different cases: a Mach 2.0 shock
wave, a weak Mach 1.2 shock wave, and a stronger Mach 10 shock wave. The DSMC solutions were generated using Bird’s
DSMC1S code [1]. The DSMC method has been shown to converge to a solution for the Boltzmann equation [23] and has also
been shown to agree well with experimental data [24]. A converged DSMC solution, such as those compared to in the subsequent calculations, can thus be treated as a sufﬁciently accurate solution to the Boltzmann equation.
In Fig. 9, a Mach 2.0 traveling shock computed by the discrete velocity model is compared to a stationary Mach 2.0 computed by DSMC. The traveling shock wave proﬁle was taken when the shock was 70 mean free paths from the wall. A velocity
space spanning to ±4gr with a scaled velocity spacing of 0.8 was used. A time step D^t ¼ 0:05 and a scaled physical spacing
a = 0.5 were used. A depleting fraction ranging from 0.1 to 0.4 was used along with 2 replenishing pairs per collision.
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Fig. 11. Mach 10.0 shock proﬁles comparing discrete velocity and DSMC solutions. Upstream and downstream slices of the distribution are plotted for
reference.

The computed proﬁles closely match the DSMC solution, but the DVM proﬁles are slightly thicker. This trend is seen in
both the density and temperature proﬁles. The Rankine–Hugoniot conditions are satisﬁed across the shock wave and the
shift between the temperature and density computed with the discrete velocity model matches DSMC. The shock thickness
measured by the maximum density gradient for DSMC is measured as 9.2 mean free paths, where the shock thickness measured from the DVM is 10.1 mean free paths.
Fig. 10 shows the results of a weak shock (Mach 1.20) calculation. The statistical ﬂuctuations are more noticeable than the
higher Mach number cases because the jump in properties across a weak shock are very small. To obtain a smooth DSMC
proﬁle, 10 million simulated particles were used along with 200 cells in physical space and averaged over several iterations.
A variable depleting fraction ranging from 10% to 80% was used in the discrete velocity model. Scaled time and space steps of
0.05 and 0.5, respectively were used and the physical domain extended over 200 spatial grid points. The shock was allowed
to propagate for 2000 time steps and the proﬁle was captured at ^t ¼ 100. Using the above conditions, the DVM solution required 208 min. At a low Mach number of 1.2 the Rankine–Hugoniot conditions are satisﬁed, but there are slight differences
between the DSMC solution and the DVM solution. The DSMC shock wave is slightly thinner than the discrete velocity shock
wave. As the Mach number is decreased below 1.25, the shock wave thickness increases rapidly [1]. The shock thickness is
measured as 21.5 mean free paths from the DSMC solution and 23.0 mean free paths from the DVM solution. If the Mach
numbers for the DSMC and DVM cases do not match very closely because of discretization errors in computation of the moments of the distribution, the shock thicknesses may be noticeably different.
To compute a Mach 10 shock wave, Fig. 11, the velocity domain must be very large because the temperature increases by
a factor of 32 and the corresponding downstream distribution function is relatively wide and ﬂat. In addition to needing a
large velocity domain, the resolution has to be sufﬁcient to resolve the cold and narrow upstream distribution function. In
order to capture the physical moments of the distribution function, the scaled velocity domain must extend to no less than
b 1=2 downstream of the shock wave while the scaled velocity spacing, b, needs to be sufﬁciently small to resolve the
2:5 T
upstream distribution. For a Mach 10 shock computation we used a velocity domain extending to ±15 with a scaled velocity
spacing of 1.5. The resulting velocity space contains approximately 10,000 points and the corresponding computational costs
are very large. A very low depleting fraction ranging from 0.01 to 0.05 was used along with 2 replenishing pairs per collision.
Fig. 11 shows that the computed density and temperature proﬁles match the DSMC solution closely. The shock thickness
measured from DSMC is 19.1 mean free paths and the DVM shock proﬁle is 17.2 mean free paths thick. In order to compute a
Mach 10 shock wave with reasonable efﬁciency on a uniform velocity grid, coarse velocity discretizations must be used because the velocity space is extremely large. There is signiﬁcant noise on the upstream side of the shock wave because the
velocity spacing is coarse and the upstream distribution is represented by relatively few points. Downstream, the coarse
velocity grid is not an issue because as the temperature increases and the distribution function widens.
6.3. Cost comparison
To evaluate the performance, the time required to generate a solution with a certain level of noise is compared for the
discrete velocity and DSMC solutions. In all the cases presented above, the DSMC solutions required less time than the dis-
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Fig. 12. Noise in the density upstream (squares) and downstream (triangles) of the shock wave plotted against the computational time for discrete velocity
and DSMC solutions.

crete velocity model. However, this is not a direct comparison because the DSMC solution was for a steady shock wave and
the discrete velocity model was applied to a traveling shock wave. Since the DSMC code generates a steady shock wave, time
averaging is used to obtain smooth proﬁles rapidly, while averaging was not used with the discrete velocity model. For a
direct comparison of the computational costs, the discrete velocity model was adapted to a steady shock wave and the averaging procedure in the DSMC code was turned off. Ensemble averaging was not used when characterizing the performance in
either the DSMC or the discrete velocity calculations because ensemble averaging is not possible for general unsteady
problems.
To generate a steady shock wave the right half of the physical domain was initialized to the upstream ﬂow conditions and
the left half of the domain was set to the Rankine–Hugoniot conditions appropriate to the ﬂow downstream of a shock. Constant inﬂow and outﬂow boundary conditions were imposed at both the upstream and downstream boundaries. A steady
Mach 2 shock wave was used to compare the computational performance of the discrete velocity and DSMC models.
All simulations were performed on a desktop computer with an Intel 2.4 GHz processor, 4 GB of RAM, and a 2 MB cache.
The statistical noise in the solution was evaluated by computing the RMS density ﬂuctuations, deﬁned in Eq. (23), in sections
downstream and upstream of the shock wave that were at least 20 physical cells away from the boundaries and sufﬁciently
far from the shock.

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
Ns
u1 X
 Þ2
RMS ¼ t
ðni  n
Ns i¼1

ð23Þ

In both the DSMC and discrete velocity simulations, 200 physical cells were used with a scaled physical space step a = 0.5
and a scaled time step D^t ¼ 0:05. After a steady shock developed, the simulation continued to run for an additional 1500 time
steps and the corresponding computational time was recorded. To evaluate the rate of convergence, the DSMC simulation
was performed 10 times with various numbers of computational molecules. In each simulation, the noise levels were measured upstream and downstream of the shock wave and the computational time required to solve the entire ﬂow ﬁeld was
recorded. The discrete velocity simulation was executed 14 times with different depleting fractions and two replenishing
pairs per collision. A linearly varying depleting fraction was used and this was adjusted by keeping the lower bound ﬁxed
at 1% and changing only the upper bound from 5% to 70%. Fig. 12 shows the noise in the density upstream and downstream
of the shock wave plotted against the corresponding computational time per time step. The computational time is the time
required to solve for the entire ﬂow ﬁeld, while the corresponding statistical errors are plotted upstream and downstream of
the shock wave.
In both the DSMC and DVM computations, the noise is less on the upstream side of the shock than the downstream side.
This is because the ﬂow upstream of the shock is supersonic and the noise does not propagate upstream signiﬁcantly. Downstream of the shock wave the ﬂow is subsonic and ﬂuctuations can propagate upstream. The discrete velocity model performs appreciably better than DSMC upstream of the shock wave. For a smooth upstream solution with noise less than
0.004, the DVM calculation is approximately an order of magnitude faster than DSMC for the same noise level in the solution.
Downstream of the shock wave, the differences between DSMC and the DVM are subtle, with only marginal improvements in
the performance of the DVM. DSMC performs relatively better downstream of the shock wave than upstream of the shock
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wave because the downstream density is higher and consequently more computational molecules are present in the downstream region. This results in more statistical samples for computing the macroscopic properties. However, upstream of the
shock wave the density is lower and there are fewer computational molecules to sample from and the statistical uncertainty
increases. There are no particles in the discrete velocity model and consequently the model is not affected by a region of
lower density upstream of the shock wave.
The cost comparisons above only address the effect of varying the depleting fraction. There are other ways to modify the
accuracy of the computation of the collision integral. The number of replenishing pairs, the time step, the physical space discretization, velocity grid interval, and the extent of the velocity space also affect computational performance. The dependence becomes more complicated when a varying depleting fraction is used instead of a ﬁxed depleting fraction. The
effects of the many parameters on the computational efﬁciency have not yet been examined in detail. Our preliminary studies showed that varying the depleting fraction had a relatively large effect on accuracy. In addition, the ability to adjust the
level of ﬁdelity when solving the collision integral is a unique capability this method relative to more traditional methods.
For these reasons, we chose to focus on the effect of using different depleting fractions in this ﬁrst study.
7. Conclusions
A discrete velocity model for the Boltzmann equation solver has been developed that can be applied to unsteady ﬂows
that bridge the rareﬁed and continuum regimes. In this regime the ﬂows are non-equilibrium and highly collisional and consequently it is computationally expensive to obtain smooth transient data. The key features of the proposed discrete velocity
method are:
 The interpolation algorithm that was developed to allow for arbitrary post-collision velocities.
 The computational cost was reduced by evaluating the collision integral statistically while preserving conservation of
mass, momentum, and energy.
 1D results for traveling shock waves agree well with DSMC solutions over wide ranges of Mach number.
 The performance of the new scheme is comparable to DSMC in the high density region downstream of the shock wave.
Quiet solutions in the low density upstream regions can be obtained much more efﬁciently than with DSMC. The ability to
obtain low noise results independent of local gas density is an advantage of this method over DSMC when computing ﬂow
ﬁelds with large density variations.
 Complete knowledge of the distribution function allows for simple implementation of variance reduction procedures to
this method [25].
The interpolation routine allows the discrete velocity scheme to permit post-collision velocities that lie between grid
points or entirely outside of the velocity domain. It also allows for the possibility of mapping to different velocity grids. This
unique ability addresses a major obstacle for discrete velocity methods which have invariably used a constant step size in
velocity space. For example, one could use a coarse velocity grid downstream of a high Mach number shock wave and a ﬁne
velocity grid upstream. The mapping scheme also allows the scheme to be applied to polyatomic gas mixtures, because it can
readily treat collisions that yield post-collision velocities that do not lie on the local velocity grid.
Appendix A
A.1. Mean free path deﬁnition
In continuum dynamics a shock is generally regarded as an abrupt change in macroscopic properties and the ratios between the upstream and downstream properties are described by the Rankine–Hugoniot conditions. In reality shock waves
have a ﬁnite thickness and the properties inside of the shock wave depend on the nature of the molecular interactions. The
thickness of a shock wave is commonly deﬁned as the distance required to span the density change divided by the maximum
density gradient. Commonly the shock thickness is expressed as a multiple of the upstream mean free path. The most general
deﬁnition of the mean free path, k, is the mean thermal speed divided by the collision rate:

k¼

hc0 i
nhrgi

ðA1Þ

The mean thermal speed for a gas in equilibrium is

hc0 i ¼

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8kb T
pm

ðA2Þ

The VHS collision cross-section is:

r ¼ rref

g2
c2ref

!x
ðA3Þ
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The parameter x describes the variation of the collision cross section with the relative translational energy. For hard sphere
molecules, x is 0 and for pseudo-Maxwell molecules x is 0.5. The mean collision rate is computed for a gas in equilibrium
and is

nhrgi ¼ 2nrref c2refx

2kb T
pm

1=2

m
2kb T

x

Cð 2  x Þ

ðA4Þ

Here m* is the reduced mass in a binary collision, (m* = m/2 for a single species gas). Substituting the expressions for the
mean thermal speed and collision rate into Eq. (A1) the upstream mean free path is:

kupstream ¼

Tb x
upstream
^ upstream nr rref
2ð2xÞ Cð2  xÞn
1



cref

2x

ðA5Þ

gr

In our scheme the reference thermal speed cref is the same reference speed gr. Using that scaling, the mean free path in our
scheme is

kupstream ¼

Tb x
upstream
^ upstream nr rr
2ð2xÞ Cð2  xÞn
1

ðA6Þ

In Eq. (A6), the cross section rr is a reference collision cross section when gr is used as the reference speed, cref. This reference
cross section changes if a different reference speed is used. An alternative deﬁnition for the mean free path for a variable hard
sphere gas is presented by Bird in [19,20] and is given by:

Tb x
upstream
kupstream ¼ pﬃﬃﬃ
x
^ upstream nr rref
2ð2  xÞ Cð2  xÞn

ðA7Þ

Bird’s mean free path deﬁnition, Eq. (A7), appears different than that of Eq. (A6) because Bird deﬁnes a different reference
thermal speed via

c2ref ¼ 2ð2  xÞkb T r =m

ðA8Þ

As a consequence of using difference reference speeds, rr in Eq. (A6) is not the same as rref in Eq. (A7), but one can show that
Eq. (A6) and (A7) are identical if the same reference cross section is used. From Eq. (A3), one can relate rr to rref via

rr ¼ ½2ð2  xÞx rref

ðA9Þ

By substituting Eq. (A9) into Eq. (A6) it can easily be shown that the two mean free path deﬁnitions are equivalent.
Appendix B
The process of selecting random collision partners can be made more efﬁcient than simple acceptance–rejection by creating a cumulative distribution function W.

WðlÞ ¼

l
X

^ IJK
u

ðB1Þ

0

The function W(s) increases monotonically from l = 0 to l = (NV  1). A uniformly distributed random number R between 0
and W(NV  1) is drawn. A binary search is then used to ﬁnd the value l such that R lies between W(l) and W(l + 1). Since the

Fig. B1. A sample plot of the cumulative distribution function W. Large steps correspond to large values of u and smaller steps correspond to smaller values
of u.
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increment between W(l + 1) and W(l) is julj, points in velocity space with higher density are more likely to be chosen than
points with lower density, as shown in Fig. B1.
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